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Reversibility of structural phase transformations has
profound technological implications in a wide range of
applications from fatigue life in shape-memory alloys
(SMAs) to magnetism in multiferroic oxides. The geometric
nonlinear theory of martensite universally applicable
to all structural transitions has been developed. It
predicts the reversibility of the transitions as manifested
in the hysteresis behaviour based solely on crystal
symmetry and geometric compatibilities between phases.
In this article, we report on the veriﬁcation of the
theory using the high-throughput approach. The thin-ﬁlm
composition-spread technique was devised to rapidly map
the lattice parameters and the thermal hysteresis of ternary
alloy systems. A clear relationship between the hysteresis
and the middle eigenvalue of the transformation stretch
tensor as predicted by the theory was observed for the ﬁrst
time. We have also identiﬁed a new composition region of
titanium-rich SMAs with potential for improved control of
SMA properties.

itinol (nickel titanium naval ordnance laboratory) is a binary
alloy with composition near 50 at.% Ni–50 at.% Ti. It is
one of the most popular SMAs in medical applications
owing to its biocompatibility and its remarkable properties that
allow recoverable mechanical energy to be stored in a compact
delivery system. It can retain the shape-memory eﬀect following
many cycles of deformation. Even though nitinol represents the
best known SMA, its undesirable fatigue properties exempliﬁed
by the occurrence of medical-device fracture1 , along with large
temperature/stress hysteresis and the narrow temperature range of
operation translate to a tight margin of error for engineering design
of the devices, and performance has been sacriﬁced for reliability.
Accordingly, further incorporation of SMA into applications has
been slow and limited despite its vast potential.
To this end, extensive research has been carried out to
understand nitinol and to seek even better SMAs. Without a
suitable theoretical guidance, the development of superior SMAs
is largely based on trial and error. A new theory on the
origin of reversibility of phase transformations has emerged2–5 .
The theory explains why martensites form microstructure and
describes how this microstructure and the shape-memory eﬀect
are tied to the crystalline symmetry and geometric compatibilities.
The theory further explains the fundamental cause of large
transformation hysteresis commonly shown by SMAs, and predicts
that the hysteresis can be drastically minimized by improving the
geometric compatibility of the martensite and the austenite. In
addition, hysteresis is a direct measure of the dissipated work,
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which goes mainly into the creation of defects that subsequently
become the sites of crack initiation6 . Thus, by improving the
geometric compatibility, SMA’s resistance to fracture could also be
greatly enhanced.
The theory speciﬁes several conditions in order for a SMA
to show extremely low hysteresis. Theoretical derivation of these
conditions can be found in refs 4,5. The ﬁrst condition is detU =
l1 l2 l3 = 1 and the second condition is l2 = 1, where U is the
transformation stretch tensor that maps the martensite lattice to
the austenite lattice, detU is its determinant and l1 ≤ l2 ≤ l3 are
the ordered eigenvalues of U. The form of the stretch tensor U
can be derived if lattice parameters of both the austenite and the
martensite phases and their symmetries are known. For example,
there are six martensitic variants for a cubic-to-orthorhombic
transformation. In the case of transformation through a facediagonal stretch, the exact forms of the variants are
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Figure 1 Microstructure of twinned martensite meeting a homogeneous region
of austenite in a Cu–Al–Ni alloy. Image from ref. 5 with kind permission of
Springer Science and Business Media.
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where α = a/a0 ,β = b/a0 ,γ = c/a0 , and a0 is the lattice parameter
of the cubic austenite and a, b, c are the lattice parameters of
orthorhombic martensite. U can be taken to be any one of these
six matrices (they all have the same eigenvalues).
The ﬁrst condition, detU = 1, means that there is no volume
change due to the transformation. The signiﬁcance of this
condition on reversibility is an intuitive one, and it has been
appreciated for a long time, although there have been no systematic
quantitative studies.
The second condition, l2 = 1, means that the austenite is
directly compatible with a single variant of martensite. During
the phase transformation, martensitic variants and the austenite
all have nearly the same free energy, and thus they can often
coexist and form a complex arrangement of microstructures. A
commonly observed microstructure for materials that do not
satisfy l2 = 1 (the typical case) undergoing a martensitic phase
transformation is alternating layers of two martensitic variants
meeting a homogeneous region of austenite, as illustrated in
Fig. 1. As is well understood from the crystallographic theory of
martensite, the presence of this microstructure is due to the fact
that in the typical case neither variant by itself is compatible with
austenite, but a ﬁne laminated mixture of variants is approximately
compatible with austenite. The meeting place is a transition layer
containing elastic energy, and the ﬁneness of the microstructure
is determined by a competition between the elastic energy stored
in the transition layer and the interfacial energy on the twin
boundaries between the variants. In fact, the branching of the twins
at the interface, just visible in Fig. 1, is a further mechanism for
reducing, but not eliminating, the elastic energy at the interface.
In short, because of the incompatibility between austenite and
martensite, there is both elastic and interfacial energy stored
owing to the presence of the two phases. This occurs in both
directions of the transformation, and the loading device used to
apply biasing stress must overcome this additional free energy
by supplying additional stress or, in the case of temperature
change, the temperature must be raised suﬃciently above the
transformation temperature on heating, or below on cooling, to
supply the additional free energy, leading to hysteresis. However,

if l2 = 1 there is no need for either the elastic transition layer or
the ﬁne array of twin bands. It is the elimination of this energy of
incompatibility, which must be overcome both ways through the
transformation, that gives rise to the reduction of the hysteresis.
The transition layers between austenite and martensite twins
can be eliminated if the austenite and the martensite are
crystallographically exactly compatible. In terms of microstructure,
it means the whole martensite region consists of only one variant
meeting the austenite. This is a rare case and requires an exact
crystallographic match of the austenite and the martensite along
certain crystallographic directions. Such a case may exist if and only
if l2 of the transformation stretch tensor U equals one. The closer to
one the l2 is, the more compatible the austenite and the martensite
are, and thus the smaller the hysteresis is and the longer the fatigue
life can potentially be. There are known compounds that come close
to satisfying the above conditions. In particular, Ni40.5 Ti49.5 Cu10
alloy has l2 = 0.9986 and detU = 1.0002. Its hysteresis is about
100 MPa and 20 ◦ C, in terms of stress and temperature, respectively.
These values are among the smallest reported so far7 .
Because the only inputs to the theory are lattice parameters,
it can be used as a practical guide for the development
of superior SMAs. The lattice parameters can be tuned by
adjusting compositions, and the search of superior SMA is then
simpliﬁed to mapping the lattice parameters versus compositions
for a variety of alloy systems. The combinatorial approach
provides an elegant solution to the task of mapping and
tracking the lattice-parameter change across compositional phase
diagrams, while monitoring to see if the hysteresis indeed
changes in the predicted manner. We have thus implemented
the combinatorial thin-ﬁlm synthesis and characterization
strategy (see Methods). Synchrotron X-ray microdiﬀraction
and temperature-dependent resistance measurements were used
to map the lattice parameters and the hysteresis behaviour,
respectively. For the present investigation, we have focused on the
Ni–Ti–Cu system because of one of its alloy is known to have a
middle eigenvalue close to one7 . Figure 2 shows the composition
region of interest. In particular, the region inside the blue curve was
mapped on our ternary composition-spread wafers.
It is known7–12 that most alloys showing the shape-memory
eﬀect in the Ni–Ti–Cu system lie near 50 at.% Ti with Cu
concentration varying from 0 to about 25 at.% as approximated
by the strip outlined by a black line in Fig. 2. However,
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Figure 2 Transforming regions and thermal hysteresis in Ni–Ti–Cu. The
small grey dots enclosed by a thick blue line represent the compositions
being investigated.
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the exact boundary of the shape-memory regions on the
Ni–Ti–Cu phase diagram is not known. Although this study was
not designed to address this question, it was able to provide
an approximate answer. The ﬁgure shows the mapping result
using colours ranging from red to blue to depict the shapememory region and the associated hysteresis ranging approximately
from 60 ◦ C to 20 ◦ C. Reversible martensitic transformations were
characterized using temperature-dependent electrical resistance
measurements (R(T )). The measurements yielded nearly, 2,000
R(T ) curves from one wafer. Although some curves clearly showed
reversible transformations, others were less obvious. In Fig. 2,
only the region with unambiguously discernible transformation
behaviour as detected by R(T ) is shown. Yet the transforming
region is already signiﬁcantly extended from the previously known
region near the 50 at.% Ti line.
The most notable feature of Fig. 2 is the green region
(corresponding to the hysteresis value of ∼35 ◦ C) with titanium
concentration varying from 65 to 77 at.% and Cu concentration
varying from 0 to 4 at.%. Temperature-dependent synchrotron
X-ray analysis of the ﬁlm with 68 at.% Ti and 3 at.% Cu veriﬁed
the reversible transformation. In addition, the X-ray patterns of
compounds in this region also show the presence of a large volume
fraction of Ti2 Ni precipitates. This is consistent with the high
concentration of Ti in this alloy. Figure 3 depicts the X-raydiﬀraction pattern of the alloy with composition Ni35.4 Ti62.9 Cu1.7 .
The high-temperature pattern is indexed with two sets of lattice
parameters, 11.278 Å cubic for the minor peaks and 3.010 Å cubic
for the dominant peaks. The lattice parameters used to index the
minor peaks match those of the compound Ti2 Ni, which is a known
phase in the Ni–Ti alloy system and appears as a precipitate in the
Ni35.4 Ti62.9 Cu1.7 alloy. A further analysis is currently being carried
out to determine the matrix composition, but, on the basis of the
stoichiometry of the alloy, the titanium concentration of the matrix
should not be too far away from 60 at.%. This is a potentially
useful ﬁnding as the large fraction of precipitates promises for
greater control of the overall shape memory properties, such as
the transformation temperature and the stress magnitude of the
superelasticity plateau.
To conﬁrm this ﬁnding, two bulk samples with compositions
Ni35.4 Ti62.9 Cu1.7 and Ni33.6 Ti65.2 Cu1.2 were prepared by arc melting.
Diﬀerential scanning calorimetry has indicated that both alloys
transform to austenite near 50 ◦ C and to martensite near 75 ◦ C,
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Figure 3 X-ray-diffraction images and integrated patterns of the spot with
composition Ni35.4 Ti62.9 Cu1.7 . a,b, The images were taken at 135 ◦C (a) and 0 ◦C (b).

which are in good agreement with the transformation behaviour
of the same compositions observed on the thin-ﬁlm compositionspread wafer. Even though these alloys do not show the low
hysteresis we are looking for, their lower Ni content and more
adjustable SMA properties compared with the well-known Ni–Ti
SMA composition is attractive for engineering applications. This
ﬁnding is a good example of serendipitous discoveries made by the
combinatorial approach.
Another important feature of Fig. 2 is the mapping of the
thermal hysteresis. It shows that the composition with minimum
hysteresis is located near 55 at.% Ti and 12 at.% Cu. Any departure
from this composition results in an increase of the hysteresis,
especially towards the lower copper concentration where zero
copper concentration yields the largest hysteresis. It is interesting
to compare this result with published data as in refs 7–9 and 13.
Most of the Ni–Ti–Cu alloys previously studied have composition
ranging from 47 to 52 at.% Ti and 0 to 25 at.% Cu, as indicated
by the strip area in Fig. 2. In this area, the thermal hysteresis
is reported to be decreasing with increasing Cu concentration
before Cu reaches 10 at.%, and is more or less independent of
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Figure 4 Transformation hysteresis in Ni–Ti–Cu. a,b, Hysteresis as a function of
the middle eigenvalue (a) and as a function of the transformation stretch matrix (b).
The inset in a shows, for comparison, the transformation hysteresis for Ni–Ti–Pd.

Cu concentration after 10 at.%. This result, as ﬁrst reported by
Hashinaga et al.9 , agrees with our result very well. As shown
by Fig. 2, the strip area enclosed by the solid black line has
hysteresis values varying from red to light blue (approximately
60 ◦ C to 25 ◦ C) with increasing Cu concentration before Cu reaches
10 at.%, indicating the hysteresis decreases with increasing Cu
concentration. Once the Cu exceeds 10 at.%, the thermal hysteresis
seems to become mostly independent of the Cu concentration.
To verify the criteria for minimum hysteresis, we plot in Fig. 4
the measured thermal hysteresis versus l2 (Fig. 4a) and det U
(Fig. 4b) as deﬁned above. The main plot of Fig. 4a shows the
expected trend that the hysteresis decreases as the value of l2
approaches one. What was not expected is that most data points
in the plot are located on the l2 < 1 side. Initially, we wondered
if this observation of most of the Ni–Ti–Cu alloys having l2 < 1
is due to our thin-ﬁlm synthesis method and not reﬂecting the
intrinsic materials properties. To this end, 35 bulk-alloy samples
were synthesized in the same composition range. The l2 values
of these alloys were also found to lie in the l2 < 1 range. We
therefore conclude that reversible martensites in the Ni–Ti–Cu
system predominantly have lattice parameters with l2 < 1. In order
to perform a quick check on the universality of this criterion for
minimum hysteresis, we have also synthesized several alloys in the

Ni–Ti–Pd system. The inset of Fig. 4a shows that this system also
shows the trend of l2 versus hysteresis width predicted by the
theory. Interestingly, however, l2 values of Ni–Ti–Pd alloys were
found to all lie on the l2 > 1 side. On the basis of the present results,
it seems to be the case that whether l2 values are mostly larger than
1 or smaller than 1 is a materials property particular to each alloy
system. It was also found in the Ni–Ti–Pd alloys that the actual
value l2 does not vary greatly as a function of composition, and
a small variation of l2 seems to lead to a rather large change in the
hysteresis width. This can be seen in the inset of Fig. 4a, where the
sensitivity of the hysteresis to l2 is nearly one order larger than that
for the Ni–Ti–Cu case.
Thus, we have validated the theoretical prediction of the
hysteresis behaviour as a function of l2 using the two plots in Fig. 4a
obtained from two alloy systems. However, there seems to be no
obvious trend of hysteresis with detU (Fig. 4b), and investigation
using bulk samples yielded similar results. It seems that the detU
value is not as critical as l2 in determining the hysteretic behaviour.
As explained above on intuitive grounds, deviations from
either of the conditions det U = 1 and l2 = 1 are expected to
increase the hysteresis. The common argument for the signiﬁcance
of det U is that, if, for instance, during transformation from
austenite to martensite a nucleus of martensite were to grow
in the matrix of austenite, then the volume mismatch and the
elastic compatibility will necessarily cause the martensite to be
surrounded by an elastically stressed layer, and vice versa for the
reverse transformation. Accounting for the fact that transformation
is a free-energy-decreasing process, the temperature on cooling
will have to be lowered (and raised on heating) suﬃciently to
compensate for this excess free energy. Transformation initiating at
a stress-free surface can decrease the energy stored in this transition
layer, but it is unlikely to eliminate it. The ﬁnding here seems
to therefore contradict the conventional wisdom. Explaining this
striking result represents a future theoretical challenge.
The present experiment underscores the eﬀectiveness
of the combinatorial approach in systematically validating
phenomenological theories that relate diverse properties of
materials. The present study would have taken a very long time
by bulk synthesis and characterization techniques. Having revealed
the signiﬁcance of l2 = 1 in this study, we can now use this
criterion together with combinatorial methods to discover new
highly reversible alloys. Mapping of other ternary alloy systems are
currently under way.
Because the theory addresses the reversibility of structural
transitions in general, it has far-reaching applicability to a
variety of functional materials showing structural transitions.
Other physical properties whose changes can be closely associated
with phase transitions include hydrogen solubility, thermal and
electrical resistivity, optical transparencies, luminescence and
thermoelectricity. We can apply the same experimental technique
described here to control and optimize the hysteresis behaviour
in various physical properties in respective functional materials by
ﬁne-tuning the lattice parameters through composition variation
guided by the theory.

METHODS
Thin-ﬁlm composition spreads of the Ni–Ti–Cu ternary alloy system were
prepared using an ultra-high-vacuum magnetron co-sputtering system on
3-inch Si wafers (400 μm thick) with 400 nm SiO2 layers. Three 1.5-inchdiameter sputtering guns were placed parallel and adjacent to each other in
a triangular conﬁguration. By adjusting the power applied to each gun and the
distance between the guns and the wafer, diﬀerent regions of the ternary phase
diagram could be mapped. The spread ﬁlms with thicknesses 0.5−0.75 μm
were deposited at room temperature followed by a 2 h anneal in vacuum at
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550 ◦ C. The spreads were deposited through a metal mask grid, which separates
the ﬁlm into 800 1.5 × 1.5 mm2 squares. Wavelength dispersive spectroscopy
was used to map the compositions of every square for each wafer. Further
details of the composition-spread synthesis scheme can be found in ref. 14.
To evaluate the substrate eﬀect imposed on the properties of SMA ﬁlms,
several composition spreads were released and lifted from the original Si/SiO2
wafers and then embedded into a soft polymer matrix. The ﬁlms on the
polymer matrix, however, did not show any signiﬁcant departure in structural
properties (as determined by X-ray diﬀraction) from the ﬁlms on Si/SiO2
wafers. It was concluded that the post-deposition heat treatment relaxes stresses
to the extent that lattice-parameter values measured with and without
substrates agree within our experimental error. In light of this ﬁnding, all
measurements were performed on the original Si/SiO2 wafers.
The thermal hysteresis was measured on the wafer using the principle that
SMA ﬁlms show changes in electrical resistance due to phase transformation15 .
The electrical resistance was mapped by scanning the entire library with a
four-point probe at a constant temperature. The mapping was then repeated at
various temperatures from −20 to 100 ◦ C, then back to −20 ◦ C with a 2 ◦ C
increment. Following the measurement, electrical resistance versus temperature
curves R(T ) for each composition were constructed, and the transformation
temperatures and their hysteresis were determined from these curves. To deﬁne
the hysteresis, four phase-transformation temperatures were determined for
each composition in the library: they were martensite starting and ﬁnishing
temperatures during the cooling, Ms and Mf , and austenite starting and
ﬁnishing temperatures during the heating, As , Af . Among these four
temperatures, Ms and Af were much easier to identify than Mf and As :
electrical resistivity changed abruptly when the material transformed from pure
austenite to an austenite/martensite mixture or from the mixture back to pure
austenite. Because of the good reliability in determination of Ms and Af , we
chose to deﬁne the hysteresis as Af − Ms , which reﬂects the temperature
diﬀerence of transformations to and from the pure austenite state. This
deﬁnition of hysteresis ignores the possible presence of the intermediate R
phase: it is possible that for some part of the library the hysteresis determined
using this deﬁnition is for transformation from the B2 to B19 or to B19 phases,
whereas some part can be from B2 to R. However, the latter is known to be a
small contribution to the hysteresis.
Characterization of the crystal structure of thin-ﬁlm samples was carried
out using the synchrotron X-ray microdiﬀraction at the beamline 2-BM of the
Advanced Photon Source, Argonne National Laboratory. Nine minutes per spot
was enough to obtain suﬃcient diﬀraction data for complete lattice parameter
analysis on our textured thin-ﬁlm samples. In this study, the beam size was
focused to 0.01 × 0.01 mm2 using Kirkpatric–Baez mirrors, and the photon
energy was set to 15 keV. A charge-coupled-device camera was positioned at
2θ = 34◦ and 65 mm from the sample. The camera recorded images at three
diﬀerent angles, 10◦ , 12◦ and 14◦ , and at two diﬀerent temperatures, 135 ◦ C
and 0 ◦ C. The exposure time of each image was 3 min. An algorithm was
developed to convert the images to diﬀraction patterns. It was calibrated using
the National Institute of Standards and Technology CeO2 standard, and the

result was veriﬁed using silicon powder. Example images and integrated
diﬀraction patterns are shown in Fig. 3. Lattice parameters were extracted from
these diﬀraction patterns, and then used to calculate the transformation stretch
tensors and their determinant detU and the middle eigenvalue l2 .
Bulk samples of the Ni–Ti–Cu and Ni–Ti–Pd ternary-alloy systems were
prepared using a conventional arc-melting method. Each sample was melted,
ﬂipped and melted again ﬁve times. The samples obtained were then sealed in
quartz tubes that were vacuumed and back-ﬁlled with argon gas. The
argon-protected samples were then homogenized at 1,000 ◦ C for 7 days
followed by quenching in water. Lattice parameters and thermal hysteresis of
the obtained samples were characterized using a Scintag XDS 2000
diﬀractometer and a TA Instruments Q1000 diﬀerential scanning
calorimeter, respectively.
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