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A three-dimensional phenomenological model is proposed to describe both ferroelectricity and
antiferroelectricity based on the Ginzburg-Landau-Devonshire theory. Its application to the multi-
ferroic Sm-doped BiFeO3 system describes the temperature-, pressure-, and composition-induced
ferroelectric to antiferroelectric phase transitions. The constructed temperature-composition and
temperature-pressure phase diagrams show that compressive hydrostatic pressure and Sm doping
have similar effects on the ferroelectric and antiferroelectric phase transitions. It is also indicated
from the temperature-pressure phase diagram that the experimentally observed phase of BiFeO3

under the hydrostatic pressure from 3 GPa to 10 GPa is a PbZrO3-like antiferroelectric phase.
VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4905444]

An antiferroelectric (AFE) phase is defined as an antipo-
lar crystal with antiparallel cation displacements of neigh-
boring unit cells in contrast to a polar ferroelectric (FE)
phase, in which the cation displacements in neighboring unit
cells are all parallel to each other.1 When subjected to a suffi-
ciently high external electric field, AFE crystals may
undergo an AFE to FE phase transition, and the process is
characterized by the double-hysteresis loops. Accompanying
the phase transition, physical properties, such as linear
dimensions and optical properties, may change significantly,
which provide the physical foundation for engineering appli-
cations of AFE materials in digital displacement transducers2

and energy storage capacitors.3

The very first theoretical model to describe an AFE
phase was a simple two-sublattice model by Kittel,4 pro-
posed before the experimental confirmation of the existence
of AFEs.5 Cross and Okada developed a phenomenological
model by writing the Gibbs free energy as a function of two
dependent FE and AFE order parameters.6 Haun et al.
employed a three-dimensional FE-AFE model to study the
antiferroelectricity in PbZrO3 by assuming an orthorhombic
symmetry.7 Balashova and Tagantsev presented a one-
dimensional (1D) phenomenological model with competing
structural and FE instabilities and studied dielectric
responses under applied electric fields.8 Recently, the origin
of antiferroelectricity is discussed based on the lattice dy-
namics in PbZrO3.9 However, most of the current phenome-
nological theories focus on the AFE to FE phase transition
induced by applied electric fields6,8 rather than by hydro-
static pressure although experimental observations showed
that the inter-AFE phase transition is very sensitive to the
applied pressure.10–13 Furthermore, no existing models can
be directly applied to determining temperature-composition
as well as temperature-pressure phase diagrams involving
both FE and AFE phases of a specific system.

In this letter, we modify the phenomenological theory of
Cross and Okada by defining independent FE and AFE order
parameters. The Sm-doped BiFeO3 (BFO) system is chosen
as a particular example. Pure BFO is an ABO3 perovskite-
type oxide with space group R3c at room temperature, while
above 825 !C, it shows an orthorferrite paraelectric (PE)
crystal structure with space group Pnma.14,15 At room tem-
perature, Bi1"xSmxFeO3 is determined to be the PbZrO3-
type AFE structure for x ranging from 0.1 to 0.16,16–18 and
the Pnma phase for x larger than 0.16.18–20 Based on these
experimental data, a temperature-composition phase diagram
is constructed. Furthermore, we incorporate the interaction
between the FE (AFE) order parameter and hydrostatic pres-
sure. The derived relationship between transition tempera-
tures and pressure corresponds to the well-known Clapeyron
Equation. The calculated temperature-pressure phase dia-
gram for pure BFO indicates that the intermediate phase
under the pressure between 3.5 and 10 GPa is the PbZrO3-
like AFE phase.

To describe the FE and AFE phases, the Sm-doped BFO
crystal is divided into two sublattices, a and b, associated

with polarizations ~Pa and ~Pb , respectively. If ~Pa and ~Pb are
parallel to each other, the system exhibits the FE phase as
sketched in Fig. 1(a). On the other hand, it is the AFE phase

if ~Pa and ~Pb are antiparallel, as illustrated in Fig. 1(b). When
~Pa and ~Pb are both zero, it is the PE phase.

The FE and AFE order parameters ~p and ~q are defined
as follows:

~p ¼ 1

2
~Pa þ ~Pb

! "
; ~q ¼ 1

2
~Pa
0 " ~Pb

0
# $

: (1)

In Eq. (1), we use ~Pa
0

and ~Pb
0
, instead of ~Pa and ~Pb ,

for the definition of the AFE order parameter, to emphasize
that the polarizations associated with the sublattices of the
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AFE phase are sometimes different from those of the FE
phase. It indicates that the AFE to FE phase transition does
not only involve the flip of the polarization in one of the two
sublattices but also the changes in the magnitude and direc-
tion of the polarizations.21 As shown in Figs. 1(c) and 1(d),
in the Sm-doped BFO system, the spontaneous polarization
is along the [111] direction for the FE phase, while it is along
[110] for the AFE phase.17 It should be noted that here we
use the conventionally dentition of AFE, i.e., an AFE phase
is a PbZrO3-like phase with quadrupled unit cells, as shown
in Fig. 1(d).

The stable phases of interest in the Sm-doped BFO sys-
tem are listed in Table I. Note that in the FE, AFE, and PE
phases, there exist the oxygen octahedral tilt instabilities,
besides the polar and antipolar instabilities.14 Therefore, the
thermodynamic free energy that we employ can be consid-
ered as an effective energy function by implicitly including
the contributions from oxygen octahedral tilt instabilities. In
this scheme, however, the Pnma and high symmetry cubic
phases are indistinguishable. In this letter, the Pnma to cubic
phase transition is neglected, and the PE phase is assumed to
have the cubic symmetry while maintaining the same free
energy and volume with the Pnma phase, i.e., the PE phase
is an imaginary phase that does not exist in reality.

Taking the unpolarized and unstressed PE phase at the
same temperature and composition as the reference state, the
total free energy density of the Sm-doped BFO system under
the stress-free boundary conditions can be expressed as

ftotaljr¼0 ¼ aijpipj þ aijklpipjpkpl þ aijklmnpipjpkplpmpn

þ bijqiqj þ bijklqiqjqkql

þbijklmnqiqjqkqlqmqn þ tijklpipjqkql; (2)

where pi and qi are the ith components of the FE and AFE
order parameters in the pseudocubic coordinate system; aij,
aijkl, and aijklmn are the FE dielectric stiffnesses; bij, bijkl,
and bijklmn are the AFE dielectric stiffnesses; and tijkl are cou-
pling coefficients between the FE and AFE order parameters.
r ¼ 0 refers to the reference external pressure, i.e., ambient
pressure. The FE and AFE Landau free energy polynomial
functions are expanded to sixth order to include the charac-
teristics of the first-order phase transition,14,19 and to stabi-
lize the orthorhombic AFE phase.22 Among all the
coefficients, only a11 and b11 are assumed to be dependent
on composition and temperature, i.e., a11 ¼ a0½T " TcðxÞ(
and b11 ¼ b0½T " TqðxÞ(, where a0 and b0 are constants; x
denotes the Sm composition; and TcðxÞ and TqðxÞ are the FE
and AFE Curie temperatures at composition x, respectively.
It is assumed that both TcðxÞ and TqðxÞ have linear relation-
ships with x as TcðxÞ ¼ Tc0ð1" cpxÞ and TqðxÞ ¼ Tq0

ð1" cqxÞ,23 where cp and cq are constants; and Tc0 and Tq0

are the FE and AFE Curie temperatures of pure BFO, respec-
tively. The Landau free energy expansion coefficients of the
FE and AFE phases are obtained by fitting the free energy to
the corresponding experimental results and phase diagram
data.19,20,24,25 For simplicity, the coupling term is only
expanded to forth order. In order to suppress the following
phase, p 6¼ 0; q 6¼ 0,8,26 tij is assumed to be sufficiently posi-
tive. All the coefficients needed for the calculations are listed
in Table II.

According to the thermodynamic stability conditions,
@Ftotal
@pi
¼ 0; @Ftotal

@qi
¼ 0, we obtain the equilibrium values of pi

and qi for all the stable and metastable phases. Substituting
these equilibrium values back into Eq. (2), the total energies
for different phases can then be determined.

The free energies of the FE and AFE phases of pure BFO
with different symmetries as a function of temperature are
plotted in Figs. 2(a) and 2(b), respectively. It can be seen that
the rhombohedral symmetry is stable for the FE phase while
the orthorhombic symmetry is stable for the AFE phase. The
comparison of the free energies for the rhombohedral FE and
orthorhombic AFE phases for different Sm compositions at
room temperature is shown in Fig. 2(c), which illustrates that
the FE, AFE, and PE phases are stable when the Sm composi-
tion is smaller than 0.1, between 0.1 and 0.16, and larger than
0.16, respectively. The polarization component p1 of pure
BFO as a function of temperature is plotted in Fig. 2(d), indi-
cating a first-order phase transition at 825 !C. The magnitude
of p1 at room temperature is about 0.6 C=m2, and thus total
polarization is pS ¼

ffiffiffi
3
p

p1 ) 1C=m2, which is consistent with
the experimentally measured value.27

FIG. 1. Schematic plot of the FE and AFE phases.

TABLE I. Order parameters of different phases.

Phases Order parameters

PE phase pi ¼ 0; qi ¼ 0

FE phase p1 ¼ p2 ¼ p3 6¼ 0; qi ¼ 0

AFE phase pi ¼ 0; q1 ¼ q2 6¼ 0; q3 ¼ 0

TABLE II. Coefficients of SmxBi1"xFeO3 used in the calculation (SI units).

a0 1:093* 105 b0 9:492* 104

TcðxÞ 815" 5:314* 103x TqðxÞ 815" 5:031* 103x

a1111 3:500* 107 b1111 2:000* 107

a1122 "7:222* 107 b1122 "9:692* 107

a111111 1:200* 108 b111111 2:000* 107

a111122 1:619* 107 b111122 1:222* 108

a112233 4:934* 108 b112233 1:000* 1011

Q11 þ 2Q12 0:011 K11 þ 2K12 7:641* 10"3
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Figure 3(a) shows the calculated temperature-
composition phase diagram of the Sm-doped BFO system at
ambient pressure, which is in a good agreement with experi-
ment observation.20 The PE-AFE and AFE-PE phase boun-
daries are straight lines, which is due to the assumption that
only a11 and b11 are linearly dependent on composition, as
shown in Table II.

The total free energy density including the elasticity
contribution can be written as

ftotal ¼ ftotaljr¼0 þ
1

2
sijklrijrkl " Qijklpipjrkl " Kijklqiqjrkl;

(3)

where sijkl is the compliance tensor; rij denotes the stress ten-
sor; and Qijkl and Kijkl are the FE and AFE electrostrictive
coefficients, respectively. The electrostrictive coefficients
are obtained from the experimentally measured lattice pa-
rameters28–30 by assuming that the lattice parameters are lin-
early dependent on pressure.

By rearranging the free energy of the FE phase under
hydrostatic pressure (r1 ¼ r2 ¼ r3 ¼ r; r4 ¼ r5 ¼ r6 ¼ 0)
and following the Voigt notation, the relationship between
the FE Curie temperature and the hydrostatic pressure can be
written as

Tc x; rð Þ ¼ Tc xð Þ þ
1

a0
Q11 þ 2Q12ð Þr: (4)

Equation (4) shows that the FE Curie temperature is lin-
early dependent on pressure and the linear coefficient is pro-
portional to Q11 þ 2Q12. According to the infinitesimal strain
theory,31 the relative variation of the volume or dilatation
can be expressed as a summation of the normal strains, i.e.,
D ¼ e11 þ e22 þ e33. The phase transition strain is given in
terms of pi and qi,

32 eij ¼ Qijklpkpl þ Kijklqkql. For the FE
phase (p1 ¼ p2 ¼ p3 ¼ p; q1 ¼ q2 ¼ q3 ¼ 0), the dilatation
relative to the PE phase during the phase transition is

Dp ¼ e11 þ e22 þ e33 ¼ 3ðQ11 þ 2Q12Þp2: (5)

The entropy change DS per volume is given by

DS ¼ @fFE

@T
¼ 3a0p2: (6)

In Eqs. (5) and (6), p is the magnitude of polarization
just below the transition temperature. Since all the coeffi-
cients except a11 are independent of pressure and tempera-
ture and only the lowest-order coupling terms between
polarization and stress are considered, p is a constant for the
above first-order transition (this is valid only for a small
pressure range, since pressure may change the order of the
transition33). Therefore, Dp and DS are independent of tem-
perature and pressure based on the model. From Eqs.
(4)–(6), we have

@Tcðx; rÞ
@r

¼ Q11 þ 2Q12

a0
¼ Dp

3a0p2
¼ Dp

dS
: (7)

For a first-order transition, the FE phase transition tem-
perature is related to the Curie temperature by

Tt
c x; rð Þ ¼ Tc x; rð Þ þ

3ða1111 þ a1122Þ2

4a0 3a111111 þ 6a111122 þ a112233ð Þ :

(8)

Only Tcðx; rÞ is dependent on the pressure, and thus, we
obtain

@Tt
cðx; rÞ
@r

¼ Dp

dS
¼ DVp=V

dSp=V
¼ DVp

DSp
; (9)

where V, DVp, and DSp are the system volume, volume
change, and entropy change, respectively. Similarly, for the
AFE phase transition, we have

@Tt
qðx; rÞ
@r

¼ DVq

DSq
: (10)

Equations (9) and (10) are essentially the well-known
Clapeyron Equations. The Clapeyron Equation indicates that

FIG. 2. The free energies of (a) the FE phases and (b) the AFE phases with
different symmetries of pure BFO as a function of temperature: tetragonal
(T) symmetry with only one nonzero component, orthorhombic (O) with
two nonzero components, and rhombohedral (R) with three nonzero compo-
nents. (c) The free energies of the rhombohedral FE and orthorhombic AFE
phases as a function of the Sm composition at room temperature 25 !C. (d)
The polarization component (p1) of pure BFO as a function of temperature
in the rhombohedral FE phase.

FIG. 3. (a) Temperature-composition phase diagram of Sm-doped BFO at
ambient pressure; (b) temperature-pressure phase diagram of pure BFO. The
FE, PE, and AFE phases are denoted by green, white, and pink colors,
respectively. The red dots are taken from experimental data.14,20
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for a first-order phase transition, the derivative of transition
temperature with respect to pressure is determined by the
volume and enthalpy changes between the two phases.

By minimizing the total free energy in Eq. (3), we con-
structed a temperature-pressure phase diagram for pure BFO,
as shown in Fig. 3(b). Three phases (the FE, AFE, and PE
phases) are identified similarly to the temperature-
composition phase diagram in Fig. 3(a). The AFE-PE phase
boundary is a straight line as illustrated by Eq. (10). The
AFE-FE phase boundary is also a straight line, which is simi-
lar to the AFE-FE transition in tin-modified lead zirconate ti-
tanate (PZT) ceramics.12 The linear dependence of transition
temperatures on pressure comes from the fact that only the
lowest-order coupling terms between the order parameters
and stress are maintained, and from the assumption that all
the stiffness coefficients are independent of pressure.

The “chemical pressure” (replacing the cations with
larger or smaller cations) may produce a similar effect as
pressure on promoting the FE and AFE phase transitions.
For example, in the PZT system, either adding zirconium or
applying pressure can induce the FE R3c to AFE Pbam phase
transition for the low titanium content PZT,11,34 and the FE
P4 mm to PE Pm3m phase transition for the high titanium
content PZT,34,35 respectively. Here, we propose a phenome-
nological theory to describe the similarity between the chem-
ical pressure and hydrostatic pressure, as shown in Fig. 3.

Although pure BFO is experimentally determined to ex-
hibit the Pnma symmetry under pressure between 10 GPa
and 20 GPa,24,29,36 there are discrepancies among different
studies on the stable phases with pressure ranging from
3 GPa to 10 GPa. Possible intermediate symmetries include
C2/m,29 O1 and O2,37 Pbam,30 and O1, O2, and O3.24 Based
on our calculations, the PbZrO3-like Pbam phase better
reflects the similarities between the chemical pressure and
hydrostatic pressure, which is obtained from the neutron dif-
fraction results.30 It is believed that the neutron diffraction
result is more accurate than the X-ray, since the X-ray is less
sensitive to the oxygen ions than the Bi and Fe ions. We
speculate that the different phases observed by other groups
are produced by the twin structures of R3c and Pbam phases.
Furthermore, the relationship between the FE and AFE
phases in the Sm-doped BFO system resembles that on the
low titanium content side of the PZT system.18,20 In both
systems, the FE to AFE phase transition occurs with a
decrease in the tolerance factor. The tolerance factor (t) is an
indicator for the stabilities of the structural distortions in
perovskites ABO3, and is given by t ¼ ðRA þ ROÞ=

ffiffiffi
2
p

ðRB þ ROÞ, where RA, RB, and RO are the ionic radii of the
A, B, and O elements, respectively.20 It should be noted that
for the Sm-doped BFO, it is A-site doping, and the tolerance
factor decreases because of the smaller atom substitutions.
On the other hand, in the PZT system, it is B-site doping,
and the decrease in the tolerance factor is due to adding big-
ger zirconium atoms. The similarities between the Sm-doped
BFO and PZT systems serve as indirect evidences that the
BFO phase under the pressure between 3 GPa and 10 GPa is
the PbZrO3-like AFE phase.

The temperature-pressure phase diagram in Fig. 3(b)
shows that hydrostatic pressure can induce the FE to AFE to
PE phase transitions. This can be explained by the volume

differences, i.e., VFE>VAFE>VPE. In other systems, usu-
ally VFE>VAFE and VFE>VPE are observed, and pressure
can induce the FE to PE and FE to AFE phase transi-
tions.10–12 However, if the pseudocubic unit cell of the AFE
phase is smaller than that of the PE phase, applying the pres-
sure will favor the AFE phase rather than the PE phase. For
example, in the modified PZT system, it is shown that pres-
sure can increase the PE to AFE transition temperature
because of VAFE<VPE.10,13,38

In summary, we proposed a modified phenomenological
model to describe the ferroelectric (FE) and AFE phase tran-
sitions based on the Ginzburg-Landau-Devonshire theory. It
was applied to the Sm-doped BFO system to study the FE
and AFE phase transitions under the Sm doping and pres-
sure. The calculated temperature-composition and
temperature-pressure phase diagrams show that the compres-
sive hydrostatic pressure and Sm doping have similar effects
on the FE and AFE phase transitions. The results also dem-
onstrates that the intermediate phase of pure BFO under
pressure between 3 GPa and 10 GPa is the PbZrO3-like AFE
phase, and that the sequence of phase transitions is from FE
to AFE to paraelectric with increasing pressure. Although
the current study is under hydrostatic pressure, the model
can be easily modified to study the AFE and FE phase transi-
tions under uniaxial and biaxial stresses. The proposed
model is general and applicable to other AFE systems.
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Grant No. DMR-0820404, DMR-1410714, and DMR-
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